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Various methods to study the ground state of neutron star matter are compared and the cor­
responding neutron star models are contrasted with each other. In the low density region 
o <  1014grcm -3 the nuclear gas is treated here by means of a Thomas Fermi method and the 
nuclei are described by the droplet model of Myers and Swiatecki. For o >  1014 gr cm“3 both 
standard Brueckner theory with more realistic interaction (one-boson-exchange) potentials and the 
semiphenomenological theory of Fermi liquids (together with the standard Reid softcore potential) 
are applied to neutron star matter. It is shown that while the high mass limit of neutron stars is 
hardly affected, some properties of lowmass neutron stars such as their binding depend sensitively 
on these refinements. Various tentative (but unreliable) extensions of the equation of state into 
high density regime Q >  1015 gr cm-3 are investigated and it is shown that the mass limit for 
heavy neutron stars lies around 2.5 solar masses. It is further shown that a third family of stable 
(hyperon) stars is not forbidden by general relativistic arguments if there is a phase transition at
high densities.

1. Introduction

The discoveries of radio p u lsars1 and x-ray 
sources in close binary systems2 and particularly 
the unique radio-optical-x-ray and y-ray pulsar in 
the crab nebula3 have stimulated renewed interest 
in the final stages of stellar evolution. Today it is 
believed that an ordinary star can end its life in at 
least three different ways:

1) A white- (and later black-) dwarf star, if the 
final mass M  does not exceed the Chandra­
sekhar limit ( ¥ ^ 1 . 4 M 0 ).

2) A neutron star, if the final mass does not exceed 
a certain other limit which will be discussed 
below.

3) A (white or) blade hole provided the final mass 
exceeds this latter limit.

Apart from these final states there might exist 
others e. g. hyperon stars.

A great number of authors have calculated the 
properties of neutron star matter and neutron star 
models including the composition and the equation 
of state at both low and high density4-13, the 
cooling process and the problem of energy dissipa­
tion 14_20, the superfluidity of neutrons and pro-
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tons 21’ 22 and the possible existence of a neutronic 
quantum crystal 23.

Our motivation for reconsidering here neutron 
star matter and neutron star models is the follow­
ing:

More realistic nuclear forces than used so far 
have been derived from meson theory which rely 
only on the experimentally measured coupling 
strengths and meson masses.

We consider model-extensions of the high density 
regime of neutron star matter such as a possible 
quantum crystal and different hadronic equations 
of state to study their effect on a possible third 
family of stable stars or effects of anisotropy.

We pay special attention to the equation of state 
at low densities to see how the minimum mass of a 
stable, bound neutron star is affected by the equa­
tion of state.

We try to analyse the effects of alternative theo­
ries of gravitation on the properties of neutron star 
models.

The present paper is divided into three main sec­
tions. In section two we will treat neutron star mat­
ter from a microscopic point of view and discuss 
limiting cases for the equation of state. In section 
three the macroscopic structure of neutron stars is 
studied and the fourth section tries to establish a 
link between theory and observation.
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2. Neutron Star Matter

2.1. The Outer and Inner Crust

At “ low ”  densities (o > 1 0 5gcm ~ 3) matter in 
its ground state and at zero temperature consists of 
Fe56 nuclei arranged in a lattice so as to minimize 
their coulomb interaction energy. As the matter 
density increases the electron chemical potential 
lue =  m e c2 +  Ef increases. Above £> =  105gem -3 the 
electrons are essentially free and above £ ^ 1 0 7g 
cm-3 they are fully relativistic.

The inverse /^-process becomes energetically 
favourable if the electron chemical potential exceeds 
the respective (lva lu e. With increasing mass density 
the equilibrium nucleus present in the lattice be­
comes progressively richer in neutrons. A t the 
density q2 =  4.65 x  1011 g cm-3 the nuclei are so 
neutron-rich that with further increase of the mass 
density a neutron gas component occurs. Matter 
consists then o f nuclei embedded in a neutron gas 
and electrons penetrating the lattice. A t a density £>3 
nuclei are no longer present; rather matter is a uni­
form mixture o f electrons, protons and neutrons.

To derive the properties of the cold neutron star 
matter for the density regime below o3 , i. e. both 
the outer crust, where there is no neutron gas com­
ponent ( {? < o 2),  and the inner crust (o2 Qs) 
we start from  the specific free energy

f  =  f ( T , n h; X ) (1 )

o f the matter where nb is the mean total baryon 
density, nb: = N b/V, and x: =  (n „ , ne , np , n x , A, Z )  
denotes the set of “ internal”  parameters o f the 
system, namely the number densities of neutrons, 
electrons, protons, nuclei; A, Z  being the mass and 
charge o f a nucleus. The “ internal”  parameters 
come to their equilibrium value when the matter 
approaches thermal equilibrium. The constraints of 
this process are baryon conservation and charge 
neutrality. In other words, / has to be minimum for 
fixed nb and T, i. e.

3 r - r = o .  (2 )

W e calculated the partial derivatives of / by numeri­
cal differentiation. Then the pressure P  and the 
equation of state are determined by

P  =  P ( n b) = n b f i ( n b) - f ( n b)  . (3 )

The chemical potential / < := 3 „b/ can be plotted 
with equation (3 ) as a function of P  namely

- / t (n b( P ) ) = / t ( P )  . (4 )

To find / we imagine around each nucleus a unit 
cell (volume V c) with a baryon density n b and zero 
total charge. The nuclei ( A , Z ) are assumed to have 
spherical symmetry and a volume .

The free energy density may then be written as

f = h M  +  [f(nj , ,  Tip) +  / i n t (nn, n P) ] (1 - n x Vs)

+  n s  B{A ,  Z,  F x , « x )  • * (5 )

The factor (1 — n ^ V y )  is the fraction of the total 
volume V r of the cell filled by the gases only. The 
first term in (5 ) is the free energy density (kinetic 
energy per volume) o f the extreme relativistic, 
degenerate electron gas. As the electron Fermi wave 
number is relatively large (A )f>3 0 /m _1) we as­
sume, that the electrons completely penetrate the 
nuclei and have a uniform density over the whole 
system.

For /e (ne) one has the relation

f { x )  =  ~ ^ £ T 7l2 {3  x (1  + x 2) ’/s (1 + 2 x 2)

— 8 xs — 3 In (x +  (1 +  x2) '/2) }  (6 )

where

x:  =  (3 7i2 rct. )1/3 h c/mK c2 .

For the calculation o f the second term of (5 ) we 
applied the Thomas-Fermi calculation of Weiss and 
Cameron 24, which is based on the Vu and V,. nucleon 
potentials o f Levinger and Simmons25. W e used 
the result o f the F u-potential. In addition we took 
another set of interaction strength parameters to 
match the nuclear masses of the known nuclei. 
Specifically we used the Va of Levinger and Sim­
mons with asc =  8.2 instead of 7.552, ate =  5.4 
(4 .964), as0 =  — 4.9 ( — 4.479), and at0 =  0.9 
(0 .529).

We used also the Thomas-Fermi calculations 
given by Myers and Swiatecki26 for homogenous 
nuclear matter to determine the potential energy of 
the neutron gas. These calculations are based on a 
more realistic potential than the F u-potential of 
Weiss and Cameron.

The parameter o f the two body potential of 
Seyler-Blanchard26 a as used by Myers and Swia­
tecki are connected with the parameters of the D ro­
plet-Model mass formula which we applied to de- 
sribe the binding energy o f the neutron-rich nuclei. 
Finally the term B (A,  Z, n^ , Vs )  in Eq. (5 ) is the 
binding energy of the nuclei including their lattice 
energy as follows:
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The lattice energy is the energy of a regular 
Coulomb lattice of positively charged nuclei em­
bedded in an uniform electron gas. We can take the 
lattice energy into account by adapting (kindly due 
to H. v. Groote, 1971) the Droplet-Model mass for­
mula of Myers 26 to the given charge distribution in 
the unit cell as shown in Figure 1. The unit cell is 
now replaced by a sphere of the same volume (Wig- 
ner-Seitz method). The radius of the spere R c is 
given by

R c = (3/4 j rn x )Vs. (7)

_
”1 r

Fig. 1. Schematic charge distribution in the unit cell. £>pn 
is the number density of protons in the nucleus as used in 
the Droplet-Model, ne is the number density of the elec­
trons. The dashed line is the resulting charge distribution. 
Ry =  1.159 A1/3 is the nucleus radius, Rc =  (3/4 n  r/y)1/3 
is the cell radius, where n y  is the number density of nuclei.

We have ignored the cell-cell Coulomb interaction since this gives a small correction to the lattice energy. 
Then we get for the binding energy (including the lattice energy) the following modified mass formula

where

and with

=  (-«, +  /<5*- j K ?2+ 2  m,5* ) + ( % +

+  (a3 -  f t )  A'’' +  C, F A - «  [ 1 -  J -  \

- - C , Z ! A - " ' r r  - C , Z * A - ' a  I- - ^ - J  -  C5 Z- a-

, R y  = 1.1589 A'1'a = 1 -
Rr

I  + S C ^ i A - ^ a / l ö Q  n , x / t a r% ri\ / 4 
 1 + g j A -Vsj4iQ------ (local asymmetry) I  =  ( A - 2 Z ) / A ,

£ =  [ -  2 a , A ~ xh + L d 2 + Ct Z2A ~ ,/3 a]/K

denotes the deviation of the density from its nuclear matter value £>0 .

(8)

(9)

(10)

The values for the parameters are 26 b
ßl =  16.379 MeV M  =  5.0 MeV
a , =  22.76 MeV Q =  21.63 MeV
a3 =  9.34 MeV Ct =  0.745 MeV
f(3 =  12.54 MeV C, =  1.47 x 10~4 MeV
K  =  299.1 MeV C3 =  0.945 MeV
L =  120.6 MeV C4 =  0.569 MeV
J =  34.4 MeV C5 =  C^/64 Q.

In the following we discuss the results which we 
obtained for the density regime below q3 and com­
pare them with preceeding calculations.

The properties of the outer crust (q < o2) were 
first determined by Salpeter5 who used the mass 
formula of Cameron 27 for the binding energy of the 
nuclei. Salpeter omitted the lattice energy and ob­
tained the equilibrium nucleus present by a minimi­
zation procedure. Baym et a l .6 took into account 
the lattice energy and applied the semi empirical

mass formula (LDM) of Myers and Swiatecki26a 
with their shell correction term.

The near incompressibility and the strong sym­
metry energy of ordinary nuclei allow a fairly 
accurate description of the binding energy E (Z, N)  
in terms of a LDM (“Liquid drop model” ). To go 
beyond this stage of development requires that self- 
consistent calculations (Thomas-Fermi, Hartree- 
Fock) be performed. Alternatively the LDM can be 
extended by removing the constraint of incompres­
sibility and allowing for a “neutron skin” . An 
algebraic formulation for B ( Z , N ) ,  the “ Droplet 
model” (DM), which introduces these two new 
degrees of freedom provides an opproximation to 
the more complex self-consistent calculations. In 
especial, the DM of Myers and Swiatecki 26 is the 
first order expansion of a microscopic model (Tho­
mas-Fermi) for small values of A'’3 and (N — Z ) / A,
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Table 2.1. Summary of the properties of neutron star matter below o2 =  4.65 x 10u gr cm-3 , including shell corrections. 
The details of this analysis w ill be given elsewhere 28. £>max is the maximum mass-density at which the nuclei with charge 
Z  and total baryon number A are present, p the corresponding pressure; « e is the electron chemical potential; Tm is the 
melting temperature calculated according to the formula r m KpjTm ^  (z e )2/R with r m =  80 and cell-radius R (see

Ref. 26) ; r  is the adiabatic index and
(  d p \ - ! _  

*  \n d n )
-pr - the compressibility. 1 ■p

£>max (g cm 3) P  (dyne cm-2 ) Z A fxe (MeV) Tm ( io 9 k ) r *  (M eV - 1 fm3)

7.78 x 10« 4.99 x 1023 26 56 0.43 0.06 1.47 2.18 x 109

3.34 x 108 9.23 x 1025 28 62 2.28 0.24 1.35 1.20 x 107

4.98 x 108 1.52 x 1028 28 64 2.63 0.27 1.35 7.81 x 106

2.14 x 10» 1.03 x 1027 28 66 4.51 0.44 1.34 1.16 x 10«
7.80 x 10» 5.44 x 1027 34 84 7.07 0.92 1.34 2.20 x 105
2.14 x 1010 2.00 x 1028 32 82 9.96 1.15 1.34 5.98 x 104
4.56 x 1010 5.19 x 1028 30 80 12.76 1.31 1.33 2.32 x 104

1.37 x 1011 2.14 x 1029 28 78 18.38 1.66 1.33 5.65 x 103

1.81 x 1011 2.90 x 1029 26 76 19.86 1.58 1.33 4.06 x 103

2.33 x 10u 3.79 x 1029 40 122 21.34 3.48 1.33 3.18 x 103

3.22 x 1011 5.56 x 1029 38 120 23.53 2.52 1.33 2.17 x 103
4.30 x 10u 7.80 x 1029 36 118 25.64 3.5 1.33 1.51 x 103
4.65 x 1011 8.22 x 1029 34 116 25.97 3.22 1.33 1.47 x 103

Using the DM to determine the binding energy of 
the nuclei adding their shell correction term we get 
(Koebke e ta l.28) the results for the outer crust 
which are given in Tab. (2 .1 ). They differ from 
those o f Salpeter5 but show only slight modifica­
tions to the results of Baym et al. 6, e. g. our neu- 
tron-drip density is somewhat larger (o n-drip =  
4.65 X l 0 n gcm  3). In the region above the neu- 
tron-drip density g2 Buchler and Barkat", applying 
a Thomas-Fermi calculation for the Wigner-Seitz 
cell, obtained substantially different results com­
pared with earlier LD M  calculations (Langer et 
al. 8; Bethe et al. 9) .

They find that the charge number Z of the 
“ clusters”  ( “ nuclei” ) first increases from Z =  29 at

Fig. 2. Properties of nuclei in the crust beyond netron drip 
density.

a) Present calculation;
b) Calculation of Arponen 31;
c) Calculation of Baym et al. 10;
Z  is the proton number, A the total baryon number of the 

nuclei.

g =  3 X 1011 g cm-3 to a maximum of Z  =  35 
at g =  3 x  1011 g cm-3 and then decreases until 
the clusters gradually evanesce just above 
g3 ^  1014 g cm-3 .

In comparison Baym et a l .6 obtained f t  =  2 x  
1014 g cm-3 and Z  in excess of 100 (Figure 2 ).

Our results, which are based on the algebraic 
formula using the (D M ) as given below together 
with two Thomas-Fermi treatments o f the neutron 
gas are:

1. I f  we apply the calculations o f Weiss and 
Cameron24 with the modified interaction strength 
parameters as given below for the neutron gas we 
find the density g3 =  4.9 x  1013 g cm-3 at which the 
“ nuclei”  evaporate suddenly and then the matter 
would transform by a first order transition to a 
homogenous gas of neutrons, protons and electrons. 
At this density the maximum of A =  162 and 
Z  =  38.

The use of the DM mass formula shows that 
there is no occurence o f very massive nuclei in 
agreement with the results of Buchler et al. u .

The jump Ag/g of the matter density at the transi­
tion point would be ^  6% and the transition ( “ evap­
oration” ) heat A f / f ^  5.8%. A  similar transition of 
first order can be extracted from the results present­
ed by Langer et a l.8, by plotting carefully their 
values for equation of state, although they apparently 
overlooked this property.

To determine the transition at the boundary be­
tween the phase with nuclei (the crust) and the gas
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phase, we used Eq. (4 ), which gives the chemical 
potential jux for the first phase and (m2 for the second 
phase, respectively, as a function of the pressure P.
The two curves cross at the pressure Pt = 4.43 x 
1031 dyne/cm2 which correspond to =  4.9 X 
1013 g cm-3 .

2. Otherwise applying the Thomas-Fermi calcula­
tions given by Myers and Swiatecki 26 for the neutron 
gas we find that the possible phase transition 
mentioned above is at least shifted to higher den­
sities or, probably does not occur at all. To give a 
consistent picture of the phase transition at high 
density, (q >  1014 g cm-3 ) the DM dependence of 
the outside gas must the found 29.

2.2. The Quantum Fluid Regime

In nuclear physics the energy per particle E/N  
is conveniently expressed by means of the Fermi- 
wave number kF (fm_1) which is related to the 
particle density n = 3 ji2 kFs. In the low-density gas 
approach the interaction energy is expanded in a 
series of kF , the kinetic energy {Ê -m/N)  being 
(Ek-JN) = a k F2 (MeV) with a =  12.2 (M eVfrn“ 2).
The lowest-order contributions to the potential 
energy are Epot/N  = b k3p +  c k5F+. . .  the coefficients 
being independent of kF . In principle it would 
therefore suffice to know E/N  over a comparatively 
small density interval to high accuracy to determine 
the various coefficients. These would allow then to 
extrapolate E/N  to high densities. For all cases 
studied we find that E/N  can indeed be fitted over 
the whole density range of interest by

W = E/N = a k F2+ b kFs + c k F5 constant ( /’ ->()).

Table 2.2. Properties of neutron star matter beyond neutron drip density. X :  percentage of charged particles, 
chemical potential of neutrons, Tc,n • critical temperature of 1S0 neutron-superfluidity, HCi 15: critical magnetic field in units 
1015 Gauss, Tc,p: critical temperature for proton 1S0 superconductivity, the other notations are the same as in Table

2.1 a. The critical quantities of ^  pairing are from 22.

9
(g cm-3 )

P
(M eV'fm- 3 )

2 A I ê
(MeV)

f n̂
(MeV)

T m.
(109 K)

X Tc,n 
(10® K)

r ClP
(109 K)

Hc,15

4.68 x 10u 5.2 x IO“4 37 126 25.8 0.04 3.8 28.6 2.6 _ _
1.20 x 1012 8.2 x IO“4 38 133 27.2 0.71 4.3 15.2 6 — —

4.89 x 1012 2.6 x 10~3 38 147 32.8 1.81 4.9 5.5 9 — —
1.06 x 1013 5.4 x 10~ 3 38 156 38.0 2.45 5.3 3.2 7 — —

2.31 x 1013 1.0 x IO" 2 38 165 44.7 2.97 5.6 1.7 6 — —

5.01 x 1013 3.3 x IO“2 38 182 56.2 3.95 6.2 1.1 4 — —

7.39 x 1013 9.4 x 10- 2 38 228 64.6 5.60 7.3 1.2 3.2 — —
8.41 x 1013 1.3 x 10- 1 43 327 67.6 6.47 9.7 1.3 2.6 — —
9.58 x 1013 2.1 x 10-1 ? ? 72.4 7.89 ? 1.5 2.2 2.6 1.8
1.18 x lO 14 4.1 x 10- 1 — — 79.4 11.0 — 2.1 2.0 3 2.0
3.01 x 1014 7.0 — — 128. 61.6 — 8.0 ? 5 4.9

however it is sometimes convenient to consider (a) 
as a free parameter to include possible eletron- 
proton contributions or to allow for a k ‘F-term to 
describe the very high density regime. In the low 
density regime where a Coulomb-lattice is present 
analytic fits are more involved and given in Appen­
dix A. As pointed out above different approaches 
have been used to derive expressions for the param ­
eters a, b and c. Erkelenz, Hohlinde and Alzetta 30 
tried to derive a more fundamental expression for 
the nucleon-nucleon interaction potential by means 
of one boson exchange forces and applied lowest 
order Brueckner-theory. Their potential has many 
attractive features as 1) it is based on known boson 
masses and estimated or measured coupling strengths

Fig. 3. The adiabatic index f  as a function of density Q 
in the crust regime for several equations of state, 

a) Langer et al. 8; b) Baym et a l .10; c) Arponen (EOS 3) ; 
d) present work (EO S1). We have denoted by the dashed 
lines the region of phase transition where the pressure is
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only, 2) it gives a satisfactory binding energy and 
saturation density, 3) it incorporates relativistic 
features and off-shell behaviour which are inacessible 
to experiment but needed in nuclear-matter and 
neutron-star-matter calculations. The neutron-matter 
properties of this momentum space OBEP have been 
calculated to the first order Brueckner-Goldstone 
reaction matrix G using the angle averaged Pauli 
operator, the effective mass approximation for the 
hole spectrum to be determined self-consistently and 
a free particle spectrum.

log jc (g/cm3)

Fig. 4. General relativstic and Newtonian neutron star mo­
dels for EOS 3. Qc ist the central density, M/MQ the gravi­

tating mass in units of the mass of the sun.
a) general relativistic models; b) Newtonian models.

The details of their calculations are summarized 
in 3H. Similar calculations as discussed above have 
also been performed by Arponen 31. Both equations 
o f state 30, 31 have been fitted analytically as a func­
tion of the particle number density and are given 
in the Appendix A. More recently Källman has used 
the theory o f Fermi liqu ids32 where polarization 
effects of the matter are included. Surprisingly he 
finds 32 that this increases the pressure for a given 
density roughly by a factor 2. While the overall 
features of neutron stars are hardly affected by this 
refinement it does have an interesting effect on 
neutron star binding as we shall show below in the 
third section (EOS 3 b and neutron star sequence 3 b ) .

2.3. The Limi ting Form of the Equation of State

Beyond A - f^ 2 (fm -1 ) the reliability of nuclear 
many-body techniques is difficult to estimate since 
the three-body and higher order correlations become 
increasingly important. I f  at these densities the 
hard-core interaction is still a valid description fo r 
the two-body interaction one might try instead to 
expand the energy per particle about a formally

divergent state o f energy, namely about that density 
where the particles hard-cores touch each other. 
Such an approach would therefore provide the op­
posite limit from  the gas-parameter expansions, 
making possible an interpolation to intermediate 
densities. Such a tentative approach has been taken 
by C o le30 some years ago. Briefly his procedure 
can be described as follows.

M / M 0

(km )

Fig. 5. Total mass M  as a function of the radius R for 
EOS 1. Passing the curve from the right (so increasing the 
central density £ c)> all star models remain stable until the 
first maximum of about 1.1 M Q is reached (stable white 
dwarfs £)c ^  1 x 109 gr/cm3) . They become unstable down 
to the next minimum of 0.73 M a (pr, ~^5 x 1013 gr/cm3) . 
Again there is a stable area up to Af =  0 .7 6 M o (Pc 
9 x 1013 gr/cm3) and then unstability down to 0.1 M© 
(o c s^ 1.2 x 1014 gr/cm3. Then follow stable neutron stars up 
to the next maximum of 2.41 M  © (Qc ^  2 x 1015 gr/cm3) .

For a one-dimensional system of hard spheres of 
radius a in a length L  the energy per particle is 
known exactly. The ground state corresponds to 
W =  A  ( h 2/2 m) ( l/n — 1 fn0) ~ 2 where n =  N/L is the 
density in one dimension, n0 =  a~1 and A = J i i/3. In 
three dimensions one finds by analogy W  =  
A ( h 2/'2m) (ra“ ' 5 — n0~1/s) ~ 2 where n0 =  a~ 3 and 
A ^  t i 2. W hile this model is not realistic for realistic 
nuclear forces, Cole notes that it may have some of 
the qualitative features of the actual close packed 
system. Two points should be stressed: a) the result 
for W is independent of particle statistics, therefore 
such a model would ignore possible differences for 
hyperons as far as statistics are concerned and
b) the particles are localized in a lattice and there­
fore distinguishable. That neutronic matter might
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indeed form a quantum lattice has recently been 
suggested by various authors 23. However so far we 
have included in W  only the repulsive part of the 
interaction and neglected the attractive part of the 
nuclear force which binds the system into a lattice.

For a system of interacting point particles this 
would lead 34 to a contribution proportional to the 
particle number density or more generally to a power 
of the energy density 35 so we probably overestimate 
the attractive part of hard-spheres if we add to W 
a negative term —B n .  If such a fit is at least 
qualitatively correct it should join smoothly to the 
low density expansions for intermediate densities. 
It turns out that for the reasonable value of the 
hard-core radius a = V2 Fermi such a fit is indeed 
possible. We used the numerical results of Arponen 31 
for the intermediate region 0.09 ^  n 5^ 0.322 and 
got A =  0.684.

The properties of this equation of state (EOS 4) 
are also given in the Appendix A.

The main motivation in such a strong extrapola­
tion and manifestly non-Lorentzian procedure lies of 
course in the interest to see how strongly actual 
neutron star model parameters, especially their mass, 
are affected. The results are discussed in detail in 
Sec. 3, here we remark only that the high density 
mass limit is not affected seriously.

i  R/R

(g /c m 3)

Fig. 6 . Contribution of the crust to the total mass and the 
radius of neutron stars for EOS 1 (a) and EOS 3 (b ).

In a quite similar spirit, namely to explore the 
consequences of various assumptions about inter­
nucleon forces, Pandharipande36 has considered

different models for hyperonic equations of state. 
Here we used Pandharipande’s equation of state A 
which has a phase transition at P = 1.17 MeV fm -3 
and n jumps from 0.13 to 0.842 fm -3 . The prop­
erties of this equation of state (EOS 5) are sum­
marized in the Appendix A. His results are com­
parable though not quite as drastic as those by 
Libby and Thomas 37 presented some years ago and 
should of course be considered with reserve but they 
point towards a conceptually interesting possibility 
of a third family of stars (Heintzmann, Hille- 
b ran d t38) namely pure hyperon stars. Pandhari­
pande finds for two specific sequences of hyperon 
matter that the energy per particle decreases as the 
density increases in a certain density interval. He 
argues that such a behaviour reveals in reality a 
phase transition between a neutronic and hyperonic 
state. It should be emphasized that it is not un­
conceivable that a more accurate treatment could 
lead even to a bound state indicating therefore a

Fig. 7. Density distribution of two neutron star models re­
sulting from EOS 1.

third state of matter in stars. While such matter 
would be extremely unstable in the laboratory- 
ordinary nuclear matter is more tightly bound by 
many MeV per particle — it could be stablized by 
the strong gravitational attraction if enough particles 
are lumped together as will be seen in Sec. 3 below:

Concluding this section we remark that we have 
been unable to give a unique, convincing treatment 
of the neutron star matter problem but we feel that
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the final answer — if there will ever be a satis­
factory theory — will lie somewhere between the 
extremes considered above. Moreover one should 
also keep in mind that besides the known nuclear 
forces possible weak interactions which are stronger 
than gravitational forces, but so weak that they have 
escaped experimental detection can alter considerably 
the above considerations (Heintzmann 39) .

3. Neutron Star Models

3.1. Theory of Gravitation

Before we come to calculate and discuss the 
properties o f neutron star models which result from 
the equation of state presented in the previous 
section, a few words on theories o f gravity are in 
order. As we have seen before a strong extrapolation 
from everyday physics was necessary to derive the 
properties of superdense matter. However the basic 
principles and methods are unquestioned (Schrödin­
ger equation) and well in touch with experiments 
(nuclear forces and many-body techniques).

Unfortunately the same cannot be said about the 
theory of gravitation which would adequately 
describe the macroscopic structure o f objects with 
superdense matter. On dimensional grounds we 
expect any relativistic theory o f gravitation to deviate 
essentially from Newtonian i. e. non relativistic 
gravity as soon as R s =  G M/c2 approaches the di­
mensions o f the system (G  gravitational constant). 
In the solar system R s/R is of the order ~ 4 x  10~6 
and even in white dwarfs it is only ~ 1 0 -2 . There­
fore if  we were only interested in ordinary stars or 
white dwarfs careful measurements o f gravitational 
effects (light-bending, time-delay, gyroscope-preces- 
sion etc.) in the solar system would probably soon

dM  (r ) 

dr

d P (r )

=  4 7i r 2
cp 16 7i cp G

=  G
P/c2 +  f

determine the post-Newtonian version of gravity to 
sufficient accuracy for the description o f these latter 
objects and such a program is indeed under way. 
However, both for neutron stars and for the early 
universe the relativistic theory is needed in its full 
glory and not only to its post Newtonian order. It is 
therefore to be kept in mind that everything we 
derive below is really a consequence o f Einsteins 
theory of gravitation or one of its rivals the Jordan- 
Brans-Dicke theory. As far as we are aware of 
neutron star models have not been explored in other 
rival theories but we predict that especially for the so 
called linearized theories large differences are to be 
expected from the results presented below.

In Einsteins theory the equation for the hydro­
static equilibrium is given (in Schwarzschild coordi­
nates) by

dm/dr =  4 ttr2 g ,

- d P / d r - c  , d i )
r~ (l — G m/r c~)

and its Newtonian limit by

dm/dr =  4 ti r2 g ,

— dP/dr =  G g m/r2 . (12 )

In Eq. (11 ) m ( r ) is the gravitating mass inside a 
sphere of surface area 4 t i r 2 and g the total mass 
energy density:

o =  m n n +  e/c2 .

The main difference between both Eqs. (11 ) and 
(12 ) is that in the general relativistic case the 
sphere of surface area 4 t i  r 2 and g the total mass 
and the total mass density.

In J-B-D-theory40 we have the follow ing set of 
equations in Schwarzschild coordinates, <p being the 
additional scalar potential:

c2 r — 2 m
+

1 (3 P/c2 -  g)

3 +  2 co

<P +

with

and

dr r ( r  — 2ra)

r — 2 m  , 4 t i G

M  +  4 ti r3 1 -
2 m

<p

+
cp er

(3 P / S - e )
OJ Cp

cp c2 4 cp2 G \ r

8 t i G r ( 3 P / c 2 — g)
( r  — 2 m)  — 

8 t i G

(3 +  2 co)

(3 P/c2 — g)
(3 +  2 co)c2 

m — m ( r )  =  G M ( r ) / c 2

cp'{0) =  0 ,  <p{ o o ) = l ,  m ( 0 ) = 0 ,  P { 0 )  =  P c -> P ( R )  = 0 .

( r  — 2 m)

(13 a) 

(1 3 b )

(13 c)

13 d)

(13 e)
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The integration procedure40,41 is somewhat more 
involved than in the Einsteinian case due to the 
presence of a scalar gravitational field which is 
coupled to the trace of the energy momentum tensor. 
The numerical results are shown in Figure 8.

P0/g cm '3

Fig. 8. Mass-density relationship for various values of the 
J —B —D coupling constant go for Arponen’s 31 equation of 
state, £>0 the central density; M / M e the mass in units of 

the mass of the sun.

3.2. Nonrotating Neutron Star Models

In Newtonian theory the gravitational energy of a 
spherical body is proportional to G M2/R,  where M 
is the total mass and R  is the radius of the sphere, 
while the internal energy for an equation of state 
of form P = P0(Q/Q0) r with constant T  is prop­
ortional to M r 4 2 . If the sum of both has an 
extremum, this extremum is a maximum only if 
r  < 4 /3 . Since for all equations of state presented 
in this paper 71 exceeds 4/3 in the high density 
region, there is no upper mass limit in Newtonian 
theory for neutron stars.

The differences between Newtonian and general 
relativistic neutron star models are shown in Fig. 4 
for the equation of state of Arponen (EOS 3 ). It is 
seen that differences become important only for 
central densities beyond nuclear matter density.

From the static, non-rotating models the mean 
properties of general relativistic neutron stars can 
be derived. The results are listed in Tables 3.1 — 3.5 
for our equations of state EOS 1 — EOS 5. The 
models are different not only for high densities, as 
would be expected from the discussion in chapter 2, 
but also in the low-density region. The minimum 
mass of a stable, bound neutron star differs by 
about a factor of two. However, for the two equa­
tions of state EOS 1 and EOS 3 which take into 
account protons, electrons and nuclei the difference

Table 3.1. Star sequence for EOS 1. Qc is the central den­
sity, M  the gravitating mass in units M e  of the sun’s mass, 
R  the radius, Eb the binding energy per baryon, 1 the 

general relativistic moment of inertia. a unstable stars.

£c M R ^bindW /
(g cm-3 ) (M  Q) (km) (MeV) (1044gcm2)

1.66 x 10* 0.40 9898 -  2.31 1.46 x 106
8.46 x 107 0.92 4068 -  2.42 4.60 x 105
5.00 x 108 1.03 2763 -  2.46 2.05 x 105

a 2.58 x 10® 1.00 1857 -  2.44 7.34 x 104
a 1.30 x 1010 0.94 1199 -  2.39 2.34 x 104
a 6.51 x lO 10 0.86 745.9 -  2.28 7.08 x 103
a 3.26 x lO 11 0.79 450.9 -  2.09 2.09 x 103
a 1.64 x lO 12 0.75 407.3 -  1.97 1.53 x 103

8.19 x 1012 0.74 427.8 -  1.93 1.63 x 103
4.10 x 1013 0.75 430.7 -  1.95 1.69 x 103
7.56 x 1013 0.75 632.8 -  1.98 3.67 x 103
1.43 x 1014 0.11 25.31 -  1.65 0.583
1.69 x 1014 0.17 17.75 -  5.52 0.993
2.55 x 1014 0.42 14.23 - 20.8 3.42
4.37 x 1014 1.05 14.14 -5 6 .3 13.0
7.44 x 1014 1.83 13.97 -101 26.7
1.11 x 1015 2.23 13.32 - 1 2 7 32.9
2.07 x 1013 2.41 11.92 - 1 3 8 30.2

a 2.27 x lO 15 2.41 11.71 - 1 3 7 28.8

Table 3.2. Neutron star models :from EOS 2 (E.H.A.).
b unbound neutron stars. The other notations are the same

as in Table 3.1

Qc M R £bind/V /
(g cm-3 ) ( M e) (km) (MeV) (1044gcm2)

b 6.77 x lO 13 0.15 82.63 2.39 2.29
b 1.02 x lO 14 0.19 37.93 0.68 2.17

1.36 x 1014 0.23 28.15 -  1.16 2.39
3.83 x 1014 0.52 15.80 -1 7 .5 4.08
5.29 x 1014 0.73 15.08 - 3 0 .0 5.15
8.19 x 1014 1.13 13.31 -5 6 .8 8.62
1.03 x 1015 1.37 12.65 - 7 4 .8 12.9
2.02 x 1015 1.93 10.88 - 1 2 4 18.3
3.03 x 1015 2.01 9.93 - 1 3 5 17.5

Table 3.3 a. Neutron star models from EOS 3 a (Arponen).
Notations as in 3.1 and 3.2.

9c M R EbinAIN 1
(gem -3 ) ( M e) (km) (MeV) (1044gcm2)

a 3.37 x 1013 0.65 808.9 -  1.64 4.37 x 103
6.74 x 1013 0.65 9.55.8 -  1.65 6.35 xlO 3
1.35 x 1014 0.69 1687 -  1.72 2.66 x lO 4

b 1.69 x lO 14 0.09 650.7 3.28 26.7
2.38 x 1014 0.14 22.46 -  0.32 0.503
3.06 x 1014 0.21 15.24 -  6.23 1.04
5.18 x 1014 0.50 12.09 -3 5 .2 3.34
7.01 x 1014 0.76 11.67 -4 6 .9 5.69
1.01 x 1015 1.11 11.31 - 7 2 .8 8.93
1.41 x 1015 1.38 10.88 -102 11.4
2.00 x 1015 1.55 10.32 -111 12.4
2.97 x 1015 1.63 9.67 - 1 2 4 12.0

a 3.43 x lO 15 9 1.63 9.46 - 1 2 4 11.5
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Table 3.3 b. Neutron star models from EOS 3 b (Källman). 
Notations as in 3.1 and 3.2.

Qc
(g cm“ 3)

M
( M 0)

R
(km)

EbmAIN
(M eV)

/
( 1044gcm 2)

b 8.46 x lO 13 0.15 51.14 2.54 1.84
1.70 x 1014 0.27 22.65 -  4.74 2.67
3.43 x 1014 0.48 16.27 -1 9 .9 4.45
5.21 x 1014 0.69 14.41 -3 5 .2 6.25
8.02 x 1014 0.99 13.06 -5 7 .3 8.85
1.21 x 1015 1.32 11.97 -8 3 .2 11.6

1.80 x 1013 1.59 10.95 -1 0 7 13.5
2.35 x 1013 1.72 10.27 -120 13.8
2.98 x 1013 1.78 9.66 -1 2 4 13.5

Table 3.4. Star models for the Cole hard-sphere equation
of state. Notations as in 3.1.

<?c M R EbindIN /
(g cm-3 ) (M Q) (km) (M eV) (1044gcm 2)

8.96 x 1014 1.13 11.46 -  73.4 11.1

1.10 x 1013 1.47 11.28 -  99.8 17.0
1.33 x 1013 1.78 11.06 -1 2 6 22.5
1.59 x 1013 2.03 10.77 -1 5 0 26.7
2.27 x 1013 2.30 10.04 -1 8 2 29.2
2.75 x 1013 2.33 9.65 -1 8 7 29.6

a 3.41 x 1013 2.32 9.28 -1 8 6 28.4

Table 3.5 a and 3.5 b. Models of hyperon stars for EOS 5
(Pandharipande) . Upper table: hyperon stars with phase
transition. Lower table: pure hyperon stars with o s =  1.54 x

1015 and p (£s) =  0. Notations as in 3.1

£c M R £|>ind/iV I
(g cm-3 ) (M Q) (km) (M eV) (1044gcm 2)

1.71 x 1013 0.13 80.17 -  0.15 0.837
2.06 x 1013 0.19 8.28 -  17.2 0.229
2.43 x 1013 0.38 6.50 -  45.9 0.587
3.44 x 1013 0.84 5.95 -1 1 5 3.40
5.40 x 1013 1.19 5.89 -1 6 8 6.07
8.21 x 1013 1.26 5.57 -1 8 0 6.23

a 9.65 x lO 13 1.26 5.44 -1 7 8 5.98

1.89 x 1013 0.07 2.68 -  0.42 0.066
2.06 x 1013 0.14 3.36 -  15.2 0.216
2.43 x 1015 0.29 4.15 -  39.9 0.689
3.44 x 1013 0.88 5.54 -1 2 7 4.22
5.40 x 1013 1.26 5.72 -1 8 9 7.30
8.21 x 1015 1.32 5.46 -202 7.34
9.65 x 1013 1.32 5.35 -200 7.04

is only 20% and it is to be expected that inclusion
of these effects into EOS 2 which is for pure neutron
matter will lower the minimum mass. It seems there-
fore that 0.10 M  is a lower mass limit for bound
stable neutron stars. The reason that there is still
uncertainty about this limit which lies entirely within 
regime where nuclear many-body techniques apply 
and can be trusted is seen from Equation (1 2 ). To

construct star models not only £ as a function of (n) 
is needed but also its second derivative. But as the 
compressibility cannot even be measured for nuclear 
matter the determination of x is a difficult (and 
sometimes controversial) question in nuclear physics.

The differences for the maximum stable mass of 
our neutron star models are also not very large and 
apparently comparable to the minimum mass uncer­
ta in ly  discussed above. EOS 1 seems to be an upper 
limit in stiffness to any ‘reasonable’ equation of 
state 38 since the hard sphere EOS 4 of Cole gives 
similar results and so does an incompressible fluid. 
Moreover we found that an additional term to in 
EOS 4 A e =  —B n 2 as discussed in section 2 would 
lower the energy for small densities and give a 
stiffer equation of state and therefore lead essentially 
to the same mass limit. However as mentioned before 
reservations have to be made concerning forces at 
high densities and it could therefore well be that the 
actual mass limit is lower than those derived here. 
To conclude this section we discuss the possibility 
of another class of stars with densities far beyond 
neutron star density. Such hyperon star models 
result e. g. from Pandharipande’s equation of state 
A  36 (here referred to as EOS 5 ). W e follow  Pand­
haripande’s interpretation and set P  =  constant =  
1.17 M eV  fm -3 fo r 1.4 x  1015 g cm3 5  ̂Q ^  2 x  

1014 g cm3, and below 2 x  1014 g cm3 we use EOS 3. 
The star models then have a core of hyperonic mat­
ter, including nearly all of their mass, and a thin 
outer layer, its thickness decreasing from about 
300 m to 70 m if the central density increases from 
2 x l 0 15gcm 3 to 9 x l 0 15gcm 3. The maximum 
stable mass of such objects is somewhat smaller than 
of ordinary neutron stars, while the minimum stable 
mass is the same for both. W e want to point out that 
for hyperon stars the binding energy per particle 
is larger than for neutron stars with the same total 
particle number (see Table 3 .5 ). There is further no 
problem with the standard criterium that the velocity 
of sound vs — (dP/do)1/2 be smaller than C, the 
velocity of light. So if the equation of state for 
hyperonic matter is of the type calculated by Pand- 
haripande, there is indeed a possibility for a third 
family of stars, namely hyperon stars.

3.3. Rotation

Another important parameter of a neutron star is 
his moment of inertia which in Newtonian theory 
for a rigid rotating spherical body is
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f N ew to n  =  (8.^/3) f o r 4 d r . (18)
o

In Einstein’s theory one gets for slowly rotating 
spherical objects an additional equation to the TOV- 
equation describing the dragging of inertial frames 
along the rotational axis 43. Setting ö> = io — Q  where 
Q  is the angular velocity of the star as measured by a 
distand observer and is the angular velocity of 
the inertial frames along the rotational axis, this 
equation is

((1 -  2 G m/r  c2) ,/2 e~v,~ r 4 co')'
16 7t G r4

»̂2

, - v /2

( 1 - 2  G m /r  c2) ,/ä
(o +  P/c2) to (19)

where
P =  P(r)

e’’12 = {exp /  dP/ (P +  q c2) } (1 -  2 G m/r  c2) 1/2. (20) 
o

Equation (19) has to be solved numerically with 
boundary conditions Hi ( oo) =  Q' ~  A r (r —>■ 0).

A can be determined by studying the asymptotic 
behaviour of ev and as r —> 0 and imposing that 
cd remains finite.

After having determined m (r) the moment of 
inertia can be calculated either by 

R

^ 71 [ rl tH Q  +  P /c2) Ö)
7  =  / f i— ' E in s t e in

0
( 1 —2 G m /rc 2) '/! Q

or [by substituting (19) into (21)] by 

c2 R+oS
/  =

6 G Q r—R

(21) 

(2 2 )

Qc / gr/ / n
(g cm- 3 ) EOS 1 EOS 3

2.55 x 1014 1.06 1.03
3.44 x 1014 1.10 1.05
5.20 x 1014 1.19 1.09
8.85 x 1014 1.34 1.18
1.10 x lO 15 1.43 1.23
1.53 x 1015 1.55 1.32
2.00 x 1015 1.58 1.40
2.40 x 1015 — 1.45
3.12 x 1015 — 1.51

Table 3.6. Ratio of gen­
eral relativistic (GR) 
and Newtonian (N) mo­
ment of inertia. Qc, is the 

central mass density.

The general relativistic effect on the moment of 
inertia becomes important for very massive stars 
and we found numerically 7^/xewton near the limit­
ing mass for all equations of state (see Table 3.6). 
In Tables 3.1 —3.5 I  is listed. Near the maximum 
stable mass I  decreases if M  increases, so that the 
neutron star will speed up if a mass AM  is added but 
this is not a general relativistic effect, cf. Table 3.6.

To finish the discussion of slowly rotating neutron 
stars we make some short remarks whether our 
assumption of “ slow rotation” is a good approxima­
tion and how the other properties as for example 
the mass-quadrupole moment behave for realistic 
pulsars.

The “critical angular velocity” is reached if the 
rotating star begins to shed mass at its equator

because of the contrifugal forces and is given by

Q c = ( G M / R 3) tIt. (23)

For our neutron star models Q c is between 
4 x l 0 2sec_1 for the smallest bound stars and 
2 x l 0 4sec_1 for the most massive stars. For stars 
with moments of inertia large enough to explain the 
energy output of the crab nebula Q c is of order 
2 x l 0 3sec“ 1, therefore Q cr&hjQc 5^ 0.1 so that 
even the fastest known pulsar is a nonrelativistically 
rotating object.

Since the mass-quadrupole moment is proportional 
to (Q /Q c) 2 this quantity is small for observed 
pulsars unless there is some strain frozen-in from an 
epoch where they rotated faster and this effect will 
be discussed in Section 4.

4. Theories Related to Observation

4.1. Pulsar Glitches and Timing Residuals

After more than three years of continued observa­
tion of the Crab and Vela pulsar and of some 20 
further pulsars the following picture has evolved 44:
1) The faster (Crab) pulsar shows more frequent 

(^i 2/year) but smaller (AQ /Q  ^  10~8) speed- 
ups than the slower and therefore probably older 
(Vela) pulsar ( ^  0.5/year, AQ /Q  ^  2 x  10-6 ) .

2) Timing residuals which can be interpreted as 
“noise” are roughly a factor 10 larger for the 
Vela 44 than for the Crab pulsar.

3) No speedup or noise of comparable size has been 
observed any of the slower pulsars which are 
also monitored regularly.

Ruderman and others 45 have given a simple and in 
many respects satisfactory explanation of these speed- 
ups by the two-component neutron star model. Their 
final answer is that the smaller speedups are related 
to different types of neutron stars than the big ones
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in that the smaller ones (o f the Crab) are due to 
erustquakes whereas the Vela speedups are due to 
( “ small” ) quakes o f a rather brittle core. It has been 
shown elsewhere 47 that for the big glitches the core 
would have to solidify at a large angular velocity 

>  2 x  103 sec-1 .
In addition to the above mentioned facts 1) —3) 

pulsars show a peculiar “ healing”  behaviour after a 
speedup. Specifically after a glitch of order AQ/Q  

the change in AQ/Q  is much larger than AQ/Q  and 
this is explained44 if one assumes that in a con­
siderable part of the star both neutrons and protons 
are superfluid (see Table 2 .2 ).

In this model the speed-ups are related to sudden 
changes A I  in the moment of inertia of the neutron 
star, during which angular momentum is conserved:

0 =  A ( I Q )  =  I A Q  +  Q A I .  (23 )

The changes in I  are due to a cracking of a solid 
component of the neutron star which for the smaller 
speed-ups of the Crab pulsar is assumed to be the 
star’s crust and for the larger ones an inner neutronic 
quantum crystal. In the two-component model of a 
normal, charged and a superfluid neutral component 
(indices c and n) a phenomenological description 44 
gives for the observed jump discontinuities:

Q =

A Q

Q

( ^ ) 2 

A Q  A Q

A Q  T  

Q  T

=  1 -  ■

Mn/In

Alc/Ie.

A ln / h  \

A IM
In

In +  Ic

(24)

(25 )

where T  =  —Q/Q  is the slow-down time and x the 
healing time. Since the slow-down time T  is much 
larger than the healing time a natural explanation is 

provided for AQ/Q AQ/Q  and AQ/Q  is related 
to a macroscopic coupling time 48 between superfluid 
neutrons and charged particles:

Q c,2 T e2 h 

Q  T „ T  A n
x «  0.7 • 103

k T „
exp

4 k2T n T
(26 )

2 m n c2

where Q is the angular frequency, Qc? =  A,2/ 
4 h  k T n is the upper critical angular frequency, 
T t =  Fermi temperature o f component i, k =  Boltz­
mann’s constant, and An =  suprafluid gap energy.

W e present in Table 4.1 Q and AI/I for EOS 1. 
For details of the model the reader is referred to 47.

Table 4.1. Pulsar-speed-up parameters for EOS 1. Q0 cen­
tral mass density, I  total moment of inertia, I c moment of 
inertio of the charged component (the core in our calcula­
tions), Alc/Ic relative change in the moment of inertia of 
the charged component through monopole and quadrupole

deformations, Q =  (A Q )2/AQ AQ. The solidification den­
sity has been chosen as 7.3 x 1014 g cm-3 . The solidification 
angular velocity is =  300 sec-1 , the glitch angular velo­

city Qg =  30 sec-1 . A ll Alc/Ic scale as (Q s).

Qo
( 1015 g cm-3 )

/
( 1044 g cm2)

Ic
(1044 g cm2)

103 Alc/Ic Q

0.86 21.2 0.42 0.61 0.61
0.98 21.7 1.45 0.63 0.38
1.11 21.7 2.70 0.45 0.25
1.24 21.3 3.92 0.39 0.17
1.54 19.9 5.77 0.31 0.08

4.2. Quadrupole Moments of Neutron Stars

We conclude our discussion of the rotational 
properties of neutron stars with a treatment of the 
quadrupole deformations. W e shall give here only 
a simplified Newtonian treatment and the reader is 
referred to 43 or Thorne49 for the corresponding 
Einsteinian analysis. Small deviations from  spher­
icity are necessary to impede a magnetic field align­
ment with the axis of rotation 50 and large deviations 
could lead to triaxial configurations (Jacobian 
ellipsoids) which would give rise to the emission of 
gravitational waves 51.

In Newtonian theory the quradrupole moments 
Qaß are related to the moments o f inertia I aß 
through 42

Q aß ^  laß  ”1”  Eaß ly y •

Slowly rotating fluid spheres are symmetric about 
the axis of rotation and l yy =  0 so that

Qaß ^ laß •

In accordance with most authors we define the 
quadrupole moment Q to be
Q =  (coefficient o f — G r ~ s P.2( co s# ) term in New­

tonian potential)
(see however 52 where double this quantity is defined 
to be the quadrupole m om ent). Q is then related to 
l zz — if the z-axis is the axis of rotation — by

Q =  \ Qzz = — f  hz •
For an incompressible fluid shere one obtains

Q 2 .
Izz =

and for a polytrope (p -

1 7 7  =

D

8  71 G o  

-Q2)

71 15 —  71

12 7i — 6

Q 2 

G Or
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where Qc is the central density of the star. In 
Table 4.2 we give computed values of Q/I  for two 
different equations of state.

Table 4.2. Quadrupole moments of slowly rotating neutron 
stars for EOS 1 (a) and EOS 3 (b). The centrifugal forces 
have been treated in the Newtonian theory of gravitation. 
pc is the central density, Ijjf the Newtonian moment of iner­
tia. Q the quadrupole moment as defined in the text for 
Q  — 300 sec- *, and Q c = ( G M / R 3) 1/t is the critical angu­

lar frequency. Q scales as Q 2.

£>c/1015 g cm 3 7n/ 1044 g cm2 103 Q//n i?c/104 sec 1

a 0.35 7.04 1.09 0.59
0.44 11.1 0.70 0.70
0.53 14.9 0.54 0.79
0.64 17.9 0.40 0.87
0.74 20.0 0.31 0.94
0.98 21.7 0.22 1.06
1.24 21.3 0.18 1.17
1.71 19.0 0.14 1.30

b 0.34 1.30 1.41 0.35
0.43 2.10 1.03 0.50
0.52 3.02 0.79 0.62
0.61 3.98 0.62 0.71
0.70 4.90 0.51 0.80
0.89 5.97 0.35 1.00
1.09 7.60 0.26 1.05
1.41 8.44 0.19 1.19
1.76 8.59 0.13 1.30
2.26 8.22 0.10 1.42

Appendix A

We give here in more detail properties the differ­
ent equations of state used to construct neutron star 
models. Both £ and P are always in MeV - ( fm) -3 
and the particle density is in fm -3 . In the low 
density regime all equations of state (EOS) coincide 
and an analytic fit up to the neutron drip line is 
given by 
n £  2.6 X l 0 " 8,
£ =  — 2.31 x 10~8 nfn0 + P 0/0.48 {n/n0) 148,
P  =  P 0(n/n0) 148

with n0 =  2.45 x 10‘ 9 and P0 = 1.12 X 1 (T 10,
2.6 x 1CT8 ^  n £  2.63 x 1(T 4,
£ =  — 11.8 x 10-6 n/n0 +  P 0/0 .30 (n /n0) 130,

P = P0(n/n0y ™

with n0 =  1.22 x 10~6 and P0 =  5.99 x 10-7 .
Between q2 and q3 our equation of state reads 
(EOS 1)
2.63 x 1CT4 ^ n ^ 3 . 4 x  1(T 2,
£ =  -  0.5712 re2/3 +  11.150 n -  94.1997 n4/3 

+  485.5055 n5/3 -  1018.0457 n2 
+1948.7326 nm ,

P = 0.1904 n213 -  31.3999 n4/3 +  323.6703 n5/3
-  1018.0457 n2 +  3247.8876 n8/3.

(EOS 2) by Hohlinde et al. 30 and (EOS 3 a) Ar- 
ponen 31 and (3 b) (Kaiman) have instead
1.9 x l 0 ~ 4 <: n ^ 0 . 0 9 ,
£ =  -  0.3475 n2 3 +  6.0775 n -  47.2697 n4/3

+  283.5827 n5/3 -  467.4328 n2 + 560.2093 nm , 
P = 0.1479 n2/3 -  26.5511 n4 3 +  283.5133 n5/3

-  698.3886 n2 -  80.4885 n10'3.
The influence of the relativistic electrons and the 

Coulomb lattice of nuclei impose a more complicated 
equation of state in this region up to the phase 
transition into the homogeneous matter, as might 
be expected for a pure neutron gas.

In the high density regime where the nuclei have 
disappeared we have for 
EOS 1:
n ^  3.4 x  10~2,
£ =  77.5313 n5/3 -  255.5201 n2 +  752.7546 n8/3,
P  =  23.5861 n5/3 -  148.6313 n2 + 1037.8935 nm .
(As can be seen from this analytic fit the pressure P 
in this region has slightly other coefficients as would 
be derived from £ directly.)
EOS 2:
E/N  =  8.59 k f2 -  2.80 k f3 + 0 . \ 5 k  / 5 +  0.06 k f  
(f and P are calculated in the way discussed in § 2. 
We used this equation down to n =  9 x  10 3 for 
neutron star calculation.)
EOS 3 a (Arponen) : 
n :> 0.09
£ =  105.256 n5/3 + 1.009 n - 219.1143 n2 

+  377.6837 n8/3 -  80.4885 n10/3
P ^ 3 9 .4 8 4 9  n5/3 -  139.2263 n2 +  604.3449 nm

-  247.8594 n10/3 
EOS 3 b (Kälman) : 
n =  0.013
£ =  (0.0485 n2 + 0.176 n3 +  0.0070 n) mN c2 
P = 133 n5/3 (0.36 +  1.47 n + 0.188 n2 +  0.433 n3)

-  0.0095.
EOS 4 has been described in the text and 
EOS 5 reads for 
n ;> 0.842
£ =  95.939 n -  66.1172 n4/3 + 1618.7501 n5 3

-  1300.7847 n2 +  270.2629 n8/3,
P = 286.8027 ra5/3 -  535.4005 n2 + 253.4029 n8 3 

+  9.3255 n10/3.

We used Pandharipande’s equation of state A which 
has a phase transition at P = 1.17 MeV/fm3, where n 
jumps from 0.842 to 0.12. Below this density we 
used EOS 3.
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